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In this article, we study the behavior of complete complementarity relations under the action of
some common noisy quantum channels (amplitude damping, phase damping, bit flip, bit-phase flip,
phase flip, depolarizing, and correlated amplitude damping). By starting with an entangled bipartite
pure quantum state, with the linear entropy being the quantifier of entanglement, we study how
entanglement is redistributed and turned into general correlations between the degrees of freedom
of the whole system. For instance, it’s possible to express the entanglement entropy in terms of the
multipartite quantum coherence, or in terms of the correlated quantum coherence, of the different
partitions of the system. Besides, by considering the environment as part of the quantum system,
such that the whole system can be regarded as a multipartite pure quantum system, the linear
entropy is shown not just as a measure of mixedness of a particular subsystem, but as a correlation
measure of the subsystem with rest of the system.
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I. INTRODUCTION
With the development of quantum information science and the increased interest in quantum foundations, together
with the fact that wave-particle duality was one of the cornerstones in the development of quantum mechanics, recently
this intriguing aspect has been receiving a lot of attention among researchers. Such aspect is generally captured, in
a qualitative way, by Bohr’s complementarity principle [1]. It states that quantons [2] have characteristics that are
equally real, but mutually exclusive. The wave aspect is characterized by interference fringes, or, more generally, by
coherent superposition of the eigenbasis of some observable, meanwhile the particle nature is given by the which-way
information of the path along the interferometer, or, more generally, through complete knowledge of the particular
eigenstate of the chosen observable. In principle, the complete knowledge of the path destroys the interference
pattern and vice-versa. However, in the quantitative scenario explored by Wootters and Zurek [4], they showed
that simultaneous-partial path information and interference pattern visibility can be retained. Later, this work was
extended by Englert, who derived a wave-particle duality relation [5]. On the other hand, using a different line of
reasoning, Greenberger and Yasin [6] considered a two-beam interferometer, in which the intensity of each beam was
not necessarily the same, and defined a measure of path information called predictability. In this scenario, if the
quantum system passing through the beam-splitter has different probability of getting reflected in the two paths, one
could have some path information of the quantum system, which resulted in a different kind of wave-particle relation
P 2 + V 2 ≤ 1, (1)
where P is the predictability and V is the visibility of the interference pattern. Hence, by examining Eq. (1), anyone
can see that an experiment can also provide partial information about the wave and particle nature of the quanton.
For instance, in [8] the authors confirmed that it’s possible to measure both aspects of the system with the same
experimental apparatus. As aforementioned, this topic received a lot of attention among researchers, which lead to
the quantification of Bohr’s complementarity principle, and Dürr [9] and Englert et al. [10] established minimal and
reasonable conditions that any visibility and predictability measures should satisfy. As well, it was suggested that the
quantum coherence [11] would be a good generalization of the visibility measure [12–15]. Until now, many approaches
were taken for obtain complementarity relations like (1) [16–20]. Among them, it is worth mentioning that Baumgratz
et al., in [11], showed that the l1-norm and the relative entropy of coherence are bone-fide measures of coherence,
meanwhile the Hilbert-Schmidt (or l2-norm) coherence is not. However, as showed in [20], all of these measures of
quantum coherence, including the Wigner-Yanase quantum coherence [21], are bone-fide measures of visibility.
On the other hand, as emphasized by Qian et al. [22], complementarity relations like Eq. (1) do not really express
a balanced exchange between P and V , once the inequality permits a decrease of P and V together, or an increase by
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2both, although both measures remain complementary to each other. It even allows the extreme case P = V = 0 to
occur, for which neither the "waveness" or "particleness" of the quanton is observed. Thus, no information about the
quanton is obtained while, in an experimental setup, we still have a quanton on hands. Therefore, one can see that
something must be missing from Eq. (1). As noticed by Jakob and Bergou [23], this lack of information about the
system is due to another unique quantum feature: entanglement [24, 25]. This means that the information is being
shared with another system and this kind of quantum correlation can be seen as responsible for the loss of purity of
each subsystem such that, for pure maximally entangled states, it is not possible to obtain information about the local
properties of the subsystems. Therefore, to fully characterize a quanton it is not enough to consider its wave-particle
properties; one has also to regard its correlations with other subsystems. In addition, Qian et al. provided the first
experimental confirmation of the complete complementarity (CCR) relation using single photon states. Lastly, as we
reported in [26, 27], for each coherence and predictability measures that quantifies the local properties of a quanton,
there’s a corresponding correlation measure that completes each complementarity relation, if we consider the quanton
as part of a multipartite pure quantum system.
In particular, in [26] we considered a n-quanton pure state described by |Ψ〉A1,...,An ∈ H1⊗ ...⊗Hn with dimension
d = dA1dA2 ...dAn . By defining a local orthonormal basis for each subsystem Am, {|jm〉Am}
dAm−1
j=0 with m = 1, ..., n,
in the local Hilbert spaces {Hm}nm=1, the subsystem A := A1 can be represented by the reduced density operator
ρA = TrA2,...,An(|Ψ〉A1,...,An 〈Ψ|) [28]. By exploring the purity of the multipartite density matrix, 1−Tr ρ2A1A2...An = 0,
we derived the complete complementarity relation
Phs(ρA) + Chs(ρA) + Sl(ρA) = (dA − 1)/dA, , (2)
where Chs(ρA) =
∑
j 6=k
∣∣∣ρAjk∣∣∣2 is the Hilbert-Schmidt quantum coherence [29], Phs(ρA) := ∑j(ρAjj)2 − 1/dA is corre-
sponding predictability measure and Sl(ρA) := 1−Tr ρ2A is the linear entropy, which altogether quantifies the behaviour
of the quanton A. It is worthwhile mentioning the CCR (2) is a natural generalization of the complementarity rela-
tion obtained by Jakob and Bergou [30, 31] for bipartite pure quantum systems. Whereas, for general multipartite
quantum system, Sl(ρA) is related to the generalized concurrence obtained in [32]. Also, if the subsystem A is not
correlated with rest of subsystems, then A is pure and Sl(ρA) = 0. However, no system is completely isolated from
its environment, unless, perhaps, the universe as a whole. This interaction between the system and the environment
causes them to correlate, what leads to irreversible transfer of information from the system to the environment. This
process, called decoherence, results in a non-unitary dynamics for the system, whose most important effect is the
disappearance of phase relationships between the subspaces of the system Hilbert space [33], being responsible for
the emergence of classical behaviour from the quantum realm [34]. Therefore, the interaction between the quantum
system and the environment can be seen as the responsible for the mixedness of the quantum system. In this case, if
we look only to the n-partite mixed quantum systems described by ρA1,...,An , then Sl(ρA) = 1− Tr ρ2A measures not
only quantum correlations, but more generally, the noise introduced by correlations with the environment. Then, we
can interpret the entropy functional Sl(ρA) as the mixedness of the subsystem A, as defined in [35], and we still have
a complete complementarity relation, but it can’t be derived from the purity of the multipartite density matrix of the
system alone.
In this article, we consider the environment as part of the quantum system such that the whole system can be taken
as a multipartite pure quantum system, which allow us to consider Sl(ρA) not just as a measure of mixedness of the
subsystem A, but as a correlation measure of the subsystem A with rest of the system. Beyond that, we study the
behavior of CCR under the action of the most common noisy quantum channels (amplitude damping, phase damping,
bit flip, phase flip, bit-phase flip, depolarizing, and correlated amplitude damping), since, until now, no systematic
study about this subject was done. Hence, this work takes the first step in this direction. In addition, by starting with
an entangled bipartite pure quantum state, with the linear entropy being the quantifier of entanglement, we study
how the entanglement entropy is redistributed and turned into general correlations between the degrees of freedom
of the whole system. For instance, as we’ll show, it’s always possible to express the entanglement entropy in terms
of the multipartite quantum coherence [36], or in terms of the correlated quantum coherence [37], of the different
partitions of the system, that in some cases is related with entanglement but in others cases is not. It is important
emphasize that although the formalism of noisy quantum channels does not mention the environment’s nature, it is
mathematically and physically useful and has been applied in several previous works [38–40].
The reminder of this article is organized as follows. In Sec. II we give a brief review of the dynamics of open
quantum systems, by mentioning the Kraus’ operator-sum representation and its corresponding unitary mapping.
Also, we show that it’s possible to consider the environment as part of the quantum system such that the whole
system can be taken as a multipartite pure quantum system. Afterwards, we apply this formalism to study the
behavior of CCR’s and dynamics of the quantum correlations of two entangled qubits evolving under the action
of environments modeled by the amplitude damping (Sec. II A), correlated amplitude damping (Sec. II B), phase
3damping (Sec. II C), bit flip (Sec. IID), phase flip (Sec. II E), bit-phase flip (Sec. II F), and the depolarizing (Sec.
IIG) channels. We present our conclusions in Sec. III.
II. DYNAMICS OF COMPLEMENTARITY UNDER QUANTUM CHANNELS
The time evolution of quantum systems is represented by unitary maps |Ψ〉 → U |Ψ〉, or equivalently, ρ → UρU†,
where U is a unitary operator. However, this is not the most general evolution, since it’s always possible to couple
the quantum system with another one (like the environment), evolve both with a unitary operator that can create
entanglement between the two systems, and then ignore the second system [28]. Hence, a natural way to define the
dynamics of an open quantum system is to consider the unitary evolution of the global system constituted by the
system of interest S and its environment E and ignore (take the partial trace over) the environment variables [41]
ε(ρS) = TrE(UρS ⊗ ρEU†), (3)
where U is the unitary operator that describes the evolution of the global system, meanwhile ρS ⊗ ρE is the state of
whole system, which initially is uncorrelated. Without loss of generality, ρE can be chosen as a pure state ρE = |0〉E 〈0|,
due to the purification theorem. For instance, |0〉E can represent the vacuum modes of the electromagnetic field. The
resulting evolution for the system S when ignoring the degrees of freedom of the environment E, ε(ρS), will be, in
general, non-unitary and can be described by a non-unitary quantum map: ε : ρS → ε(ρS), which is a completely
positive and trace preserving map [42]. Hence, the map ε can be written in the so called operator-sum representation
ε(ρS) =
∑
i
KiρSK
†
i , (4)
where Ki := 〈i|U |0〉E , the Kraus’ operators, act only on the Hilbert space of system S, meanwhile the set {|i〉E} is
an orthonormal basis for the environment. The Kraus’ operators satisfy the completeness relation
∑
iK
†
iKi = IHS ,
yielding a map ε that is trace-preserving, with IHS being the identity in the Hilbert space of the system S. It is
worthwhile mentioning that the set of Kraus’ operators inducing a certain evolution on the system state is not unique,
with {Ki} and {K ′i =
∑
l VilKl} leading to the same ε(ρS), where V is a unitary transformation.
Since, in this article, we are interested in bipartite pure quantum systems S := AB, it’s necessary specify which
type of environment we are dealing with. For instance, it is possible to consider two types of environment (i) local and
(ii) global. In case (i), each part of the system S interacts with its local-independent environment. Hence, correlations
between the parts of the system cannot be increased by interaction with the environment. For instance, memoryless
quantum channels describes those scenarios in which the noise acts identically and independently on each subsystem
[44]. Thus, the dynamics of the joint state of the subsystems A and B is given by the following expression
ε(ρAB) =
∑
i,j
(KAi ⊗KBj )ρAB(KAi ⊗KBj )†, (5)
where {KAi }, {KBj } are the Kraus’ operators acting in the Hilbert space of the subsystems A and B, respectively.
Whereas, in case (ii) the interaction of all parts of S with the same environment may lead, in principle, to an increase
of the correlations between the parts of the system due to non-local interactions mediated by the environment [43].
Also, in this case, whenever the tensorial decomposition of the Kraus operators in Eq. (5) does not apply, one can
speak of memory channels or correlated noise channels, as e.g. the correlated amplitude damping channel [45].
Now, if {|j〉A ⊗ |k〉B := |j, k〉A,B}dA−1,dB−1j,k=0 is a complete basis for the bipartite quantum system AB, there is at
most (dAdB)2 Kraus operators. Since, we shall deal with the most common memoryless quantum channels and the
correlated amplitude damping channel, together with the fact that the initial state of the bipartite quantum system
is pure and described by |Ψ〉A,B ∈ HAB, the dynamics of the joint state of the system and the environment can be
represented by the following map
U |Ψ〉A,B ⊗ |0, 0〉EA,EB =
∑
i,j
(Kij |Ψ〉A,B)⊗ |i, j〉EA,EB , (6)
where Kij = KAi ⊗KBj for the memoryless quantum channels. Hence, if we consider the states of the environment as
part of our system, we have a multipartite pure quantum system, which allows us to derive complete complementarity
relations for the subsystem A (or for any other subsystem) with Sl(ρA) measuring the entanglement of A with the
rest of the quantum system, once ρABEAEB = |Ψ〉A,B 〈Ψ| ⊗ |0, 0〉EA,EB 〈0, 0| and ρ′ABEAEB = UρABEAEBU†, which
follows directly that Tr
(
ρ′ABEAEB
)2
= Tr(ρABEAEB )
2, and the purity of the whole system is preserved. Therefore,
it’s possible to derive Eq. (2) from the purity of the entire system and to take Sl(ρA) as a measure of correlations
between A and the rest of the system.
4A. Amplitude damping channel
The (memoryless) amplitude damping channel (ADC) is a schematic model of the decay of an excited state of
a (two-level) atom due to spontaneous emission of a photon. There is an exchange of energy between system and
the environment, such that the system is driven into thermal equilibrium with the environment. This channel may
be modeled by treating E as a large collection of independent harmonic oscillators interacting weakly with S. We
denote the ground state of the system as |0〉k and the excited state as |1〉k for k = A,B. The environment is the
electromagnetic field, assumed initially to be in its vacuum state |0〉Ek , k = A,B. After the coupling between the
quanton and the environment, there is a probability p ∈ [0, 1] that the excited state of the quanton has decayed to the
ground state and a photon has been emitted, so that the environment has made a transition from the "no photon"
state |0〉Ek to the "one photon" state |1〉Ek [46]. This evolution is described by a unitary transformation that acts on
the quanton and its environment according to
U |j, 0〉k,Ek := δj,0 |0, 0〉k,Ek + δj,1(
√
1− p |1, 0〉k,Ek +
√
p |0, 1〉k,Ek), (7)
where j = 0, 1 e k = A,B. In this case, each subsystem has its own environment and the probability of each one of them
decaying is the same. We consider the initial state of the bipartite quantum system AB to be |Ψ〉A,B = x |0, 0〉A,B +√
1− x2 |1, 1〉A,B , with x ∈ [0, 1]. Then, initially, the predictability of the quanton A is given by Phs(ρA)p=0 =
1/2− 2x2(1− x2), and the entanglement entropy Sl(ρA)p=0 = Cchs(ρAB)p=0 = 12C2AB = 2x2(1− x2), where Cchs is the
correlated quantum coherence [37], which, in this case, is equal to the bipartite quantum coherence, and is defined as
Cc(ρAB) := C(ρAB) − C(ρA) − C(ρB) for some measures of coherence C. While CAB is the concurrence measure of
entanglement [47], which, for pure states, is defined as CAB :=
√
2(1− Tr ρ2A(B)); and, for X states, there is a simple
closed expression [48] given by CAB = 2 max(0,Λ1,Λ2), with Λ1 = |ρ14| − √ρ22ρ33 and Λ2 = |ρ23| − √ρ11ρ44. After
the coupling with the environment, the evolved global state is a pure state given by
|Ψ〉A,B,EA,EB := U |Ψ〉A,B ⊗ |0, 0〉EA,EB (8)
= x |0, 0〉 |0, 0〉+
√
1− x2
(
(1− p) |1, 1〉 |0, 0〉+
√
p(1− p)(|1, 0〉 |0, 1〉
+ |0, 1〉 |1, 0〉) + p |0, 0〉 |1, 1〉
)
, (9)
which, in general, is an entangled state between all degrees of freedom. The reduced density operator for the partition
AB, obtained by taking the partial trace of ρABEAEB over the degrees of freedom of the reservoir, i.e, ρAB =
TrEAEBρABEAEB , is given by
ρAB =

x2 + p2(1− x2) 0 0 (1− p)x√1− x2
0 p(1− p)(1− x2) 0 0
0 0 p(1− p)(1− x2) 0
(1− p)x√1− x2 0 0 (1− p)2(1− x2)
 , (10)
which, in general, is no longer a pure state, and the off diagonal elements are affected by a factor of 1−p. It’s interesting
to notice that the previsibility of the subsystem A is also affected, since ρA = (x2+p(1−x2)) |0〉〈0|+(1−p)(1−x2) |1〉〈1|.
For x ≥ √1− x2, ρAB is entangled ∀p ∈ [0, 1), by the Peres’ separability (PPT) criterion [49], and CAB > 0 for all
p ∈ [0, 1), vanishing only at p = 1. In particular, taking x = 1/√2, one can see that the subsystems are also entangled
with the environment, once Phs(ρA) = 12p, C
c
hs(ρA,B) =
1
2CA,B = 12 (1 − p)2 and Sl(ρA) = 12 (1 − p). For p = 0
(no coupling between the bipartite quantum system and the environment), the predicatibility is zero, meanwhile the
entanglement between A and B is maximum, and Sl(ρA) = Cchs(ρAB). However, as the global state evolves, we
shall have Sl(ρA) > Cchs(ρAB), indicating that Sl(ρA) is measuring the correlations of A with the whole system, and
therefore Cchs(ρAB) is not enough to completely quantify the correlations of A with rest of the system, as represented
in Fig. 1(b). Whereas, for x <
√
1− x2, the entanglement between A and B goes to zero at p = x/√1− x2, which
is known as the entanglement sudden death [50, 51]. If the parametrization 1 − p = e−Γt [38] is used, this implies a
finite-time disentanglement, even though the bipartite coherence, which is equal to the correlated coherence, goes to
zero only asymptotically, as represented in Fig. 2(f). We can see that the correlated coherence of AB goes to zero
asymptotically, whereas the correlated coherence of A and the environments EA and EB increases, as we shall see
below. By looking at the reduced states of A with the environments EA and EB ,
ρAEA =

x2 0 0 0
0 p(1− x2) √p(1− p)(1− x2) 0
0
√
p(1− p)(1− x2) (1− p)(1− x2) 0
0 0 0 0
 , (11)
5(a) Predictability and Correlation measures as a
function of p.
(b) Predicatibility + Correlation as a function of p.
Figure 1: The different aspects of the quanton A as a function of p.
ρAEB =

x2 + p(1− p)(1− x2) 0 0 √p(1− p)x√1− x2
0 p2(1− x2) 0 0
0 0 (1− p)2(1− x2) 0√
p(1− p)x√1− x2 0 0 p(1− p)(1− x2)
 , (12)
we see that the correlated quantum coherence is given by Cchs(ρAEA) = 2(1− x2)2p(1− p) and Cchs(ρAEB ) = 2x2(1−
x2)p(1 − p). Therefore Sl(ρA) = Cchs(ρAB) + Cchs(ρAEA) + Cchs(ρAEB ), as plotted in Fig. 2, leading to the following
complete complementarity relation
Phs(ρA) + C
c
hs(ρAB) + C
c
hs(ρAEA) + C
c
hs(ρAEB ) = 1/2. (13)
It is worth pointing out that, due to the inherent symmetry of the system, the same results are valid for the subsystem
B. In addition, for the particular case x = 1/
√
2, we can see that A is entangled with EA and EB , ∀p ∈ (0, 1), by the
Peres’ separability criterion, but just the correlated quantum coherence of AEA is directly related to the concurrence
measure by the expression Cchs(ρAEA) =
1
2C2AEA . Besides, it’s worth pointing out that the measures of correlated
coherence of the bipartition A and the environment EA (EB) is invariant under local unitary transformations on
EA (EB), if the local quantum coherence of the environment remains zero under such transformation [52]. In Fig
2(e), we compare Cchs and C
c
re, where Ccre is the basis-independent relative entropy of correlated coherence, which is
equal to the quantum mutual information [53]. As one can see, the qualitatively behavior of both measures is similar.
Therefore, initially Sl(ρA) and Cchs(ρAB) are equal (for p = 0), but, as the system evolves, Sl(ρA) 6= Cchs(ρAB), and the
entanglement entropy is redistributed among the whole system such that Sl(ρA) = Cchs(ρAB)+C
c
hs(ρAEA)+C
c
hs(ρAEB ).
B. Correlated amplitude damping channel
The correlated amplitude damping channel (CADC) was first considered in [54]:
ρ→ ε(ρ) = (1− µ)ε0(ρ) + µεm(ρ), (14)
where µ ∈ [0, 1] is the memory parameter. The memoryless ADC is recovered when µ = 0 such that ε0 represents the
ADC, while for µ = 1 we obtain the full memory amplitude damping channel εm. In εm the relaxation phenomena
are fully correlated, i.e., when a qubit undergoes a relaxation process, the other qubit does the same. Hence, the only
state that has a probability different than zero of decaying is |1, 1〉A,B , while the other states are unperturbed. The
evolution of the whole system can be described by the following unitary map
U |0, 0〉A,B |0, 0〉EA,B := |0, 0〉A,B |0, 0〉EA,B , (15)
U |1, 0〉A,B |0, 0〉EA,B := |1, 0〉A,B |0, 0〉EA,B , (16)
U |0, 1〉A,B |0, 0〉EA,B := |0, 1〉A,B |0, 0〉EA,B , (17)
U |1, 1〉A,B |0, 0〉EA,B :=
√
1− p |1, 1〉A,B |0, 0〉EA,B +
√
p |0, 0〉A,B |1, 1〉EA,B . (18)
6(a) Sl(ρA) as a function of p for different
values of x.
(b) Cchs(ρAB) as a function of p for
different values of x.
(c) Cchs(ρAEA ) as a function of p for
different values of x.
(d) Cchs(ρAEB ) as a function of p for
different values of x.
(e) Comparison between Ccre and Cchs as a
function of p for x = 1/
√
2.
(f) Correlation measures as a function of p
for x = 0.5.
Figure 2: Entanglement entropy of A and correlated quantum coherence of the different bipartitions as a function of p for the
amplitude damping channel.
Here we denoted the environment as EA,B since, in this case, the environment is global, as discussed before. As we’ll
see, this channel will generate simultaneous correlation between subsystem A, B and the environment. Hence, if the
initial state of the bipartite quantum system AB is given by |Ψ〉A,B = x |0, 0〉A,B +
√
1− x2 |1, 1〉A,B as before, then,
after the coupling with the environment, the evolved global state is a pure state given by
|Ψ〉A,B,EAB := U |Ψ〉A,B ⊗ |0, 0〉EA,EB
= x |0, 0〉 |0, 0〉+
√
1− x2
(√
1− p |1, 1〉 |0, 0〉+√p(|0, 0〉 |1, 1〉
)
, (19)
meanwhile the evolved density operator of the partition AB, obtained by tracing out the degrees of freedom of the
reservoirs, reads
ρAB =

x2 + p(1− x2) 0 0 √1− px√1− x2
0 0 0 0
0 0 0 0√
1− px√1− x2 0 0 (1− p)(1− x2)
 . (20)
As we can see, the off diagonal elements of ρAB are affected by a factor
√
1− p and the state ρAB is entangled
∀p ∈ [0, 1) and x ∈ (0, 1), by the PPT criterion. However Sl(ρA) = 1 − (x2 + (1 − x2)p)2 − (1 − p)2(1 − x2)2 and
Cchs(ρAB) =
1
2C2AB = 2(1 − p)x2(1 − x2), such that Sl(ρA) > Cchs(ρAB), what means that the initial entanglement
between A and B was redistributed between the rest of the system. Hence, the correlation between A and B together
with Phs(ρA) are not enough to completely characterize the quanton A. Since the environment is global, if we
considered the bipartition AEA, we’ll obtain an incoherent state that is not entangled, since by the PTT criterion
(ρAEA)
Tk = ρAEA , where ρTk is the partial transposition of the density matrix ρ with respect to the subsystem
k = A,EA. Therefore, it’s necessary to consider the partition AEA,B :
ρAEA,B = x
2 |0, 0, 0〉〈0, 0, 0|+ (1− p)(1− x2) |1, 0, 0〉〈1, 0, 0|+ p(1− x2) |0, 1, 1〉〈0, 1, 1|
+ (
√
px
√
1− x2 |0, 0, 0〉〈0, 1, 1|+ t.c.), (21)
where t.c. stands for the transpose conjugate. However, the correlated coherence of this state is due only to the
superposition of the states of the environments, as one can see by looking at the last two terms of the density
operator. This means that we also have to consider the correlations in whole system ABEA,B . By taking the partial
7(a) Cchs(ρABEA,B ) as a function of p for
different values of x.
(b) Cchs(ρEAB ) as a function of p for
different values of x.
(c) Cchs(ρAB) as a function of p for different
values of x.
(d) Sl(ρA) as a function of p for different
values of x.
(e) Comparison between Ccre and Cchs as a
function of p for x = 1/
√
2.
Figure 3: Entanglement entropy of A and correlated quantum coherence of the different bipartitions as a function of p for the
correlated amplitude damping channel.
trace of the subsystem A, we can see that ρEA,B is an entangled state
ρEA,B =

x2 + (1− p)(1− x2) 0 0 √px√1− x2
0 0 0 0
0 0 0 0√
px
√
1− x2 0 0 p(1− x2)
 . (22)
By noticing that the multipartite quantum coherence and the correlated quantum coherence are equal and measures
the correlated coherences for the partitions AB, ABEA,B , and EA,B , we see that we have to discard the correlated
coherence of the environment in order to quantify the correlations between A and the rest of the system, since the
correlation of the environment doesn’t matter for the complete complementarity relation of the subsystem A. Thus
Cchs(ρABEA,B ) = 2x
2(1− x2)(1− p) + 2x2(1− x2)p+ 2(1− x2)2(1− p)p, (23)
which is easily calculated from Eq. (19). Another reason to discard the correlated coherence of the environment is
that Cchs(ρABEA,B ) is greater than Sl(ρA) for some cases, as one can see from Fig. 3(a). Meanwhile, the correlated
coherence of the environment is given by Cchs(ρEA,B ) =
1
2C2EA,B = 2x2(1 − x2)p, and therefore is straightforward to
show that Sl(ρA) = Cchs(ρABEA,B ) − Cchs(ρEA,B ), yielding the following complementarity relation for the subsystem
A:
Phs(ρA) + C
c
hs(ρABEA,B )− Cchs(ρEA,B ) = 1/2. (24)
Besides that, from Figs. 3(b) and 3(c), it’s straightforward to see that Cchs(ρEA,B ) and C
c
hs(ρAB) are complementary
to each other and obey the following complementarity relation
Cchs(ρEA,B ) + C
c
hs(ρAB) = 1/2. (25)
Therefore, one can see that Sl(ρA) and Cchs(ρAB) are equal initially (for p = 0), but, as the system evolves, Sl(ρA) 6=
Cchs(ρAB) and the entanglement entropy is redistributed among the whole system such that Sl(ρA) = C
c
hs(ρABEA,B )−
Cchs(ρEA,B ). On the other hand, C
c
hs(ρAB) is turned into C
c
hs(ρEAB ). In Fig. 3(e), we compare the qualitative behavior
of Cchs and the basis-independent measure C
c
re to emphasize that Cchs is invariant under local unitary transformations
on the environments, with the additional condition that the local quantum coherences of EA,B remains null. As well,
it’s interesting noticing that the Ccre(ρAB) and Ccre(ρEA,B ) are complementary to each other.
8C. Phase damping channel
The phase damping channel (PDC) describes the loss of quantum coherence without loss of energy. It leads to
decoherence without relaxation. An example of a physical system described by this channel is the random scattering
of a photon by a heavy particle. Hence, this channel does not change the system base states, i.e., it does not exchange
energy with the environment, since there’s is no transition between the states of the system. However, the system
leaves a unique "fingerprint" in the environment, causing it to conditionally jump to a different configuration. The
evolution of the whole system can be described by the following unitary map
U |j, 0〉k,Ek := δj,0 |0, 0〉k,Ek + δj,1(
√
1− p |0, 0〉k,Ek +
√
p |1, 1〉k,Ek , (26)
with j = 0, 1 and k = A,B. In this case, each subsystem has its own environment and the probability of each one
to affect the environment is the same. Now, if the initial state of the bipartite quantum system AB is given by
|Ψ〉A,B = x |0, 0〉A,B +
√
1− x2 |1, 1〉A,B , with x ∈ [0, 1], the evolved joint state of the system plus environment is
given by
|Ψ〉A,B,EA,EB =
(
x |0, 0〉+ (1− p)
√
1− x2 |1, 1〉
)
|0, 0〉+
√
1− x2
√
p(1− p)(|1, 1〉 |1, 0〉+ |1, 1〉 |0, 1〉)
+
√
1− x2p |1, 1〉 |1, 1〉 , (27)
meanwhile the evolved density operator of the partition AB, obtained by tracing out the degrees of freedom of the
reservoirs, is given by
ρAB =

x2 0 0 (1− p)x√1− x2
0 0 0 0
0 0 0 0
(1− p)x√1− x2 0 0 (1− x2)
 . (28)
As we can see, in this case the diagonal elements of ρAB are not affected by the interaction with the environment,
which implies that the previsibility, Phs(ρk), and the linear entropy, Sl(ρk), for k = A,B, are also not affected, since
the individual states of A and B are incoherent states. While the off diagonal elements of ρAB are affected by the
factor 1− p, with ρAB being an entangled state for x ∈ (0, 1) and p ∈ [0, 1), we have Sl(ρA) > Cchs(ρAB). Therefore,
the entanglement of the two-qubit initial state was redistributed to the whole system. Now, we consider the state of
the bipartitions AEA, AEB and EAEB :
ρAEA = ρAEB =

x2 0 0 0
0 0 0 0
0 0 (1− p)(1− x2) √p(1− p)(1− x2)
0 0
√
p(1− p)(1− x2) p(1− x2)
 , (29)
ρEAEB =

x2 + (1− p)2(1− x2) γ√p(1− p) γ√p(1− p) p(1− p)(1− x2)
γ
√
p(1− p) p(1− p)(1− x2) p(1− p)(1− x2) ζ√p(1− p)
γ
√
p(1− p) p(1− p)(1− x2) p(1− p)(1− x2) ζ√p(1− p)
p(1− p)(1− x2) ζ√p(1− p) ζ√p(1− p) p2(1− x2)
 , (30)
where γ = (1 − x2)(1 − p) and ζ = (1 − x2)p. By the PPT criterion, we can directly see that (ρAEA)TA = ρAEA ,
(ρAEB )
TA = ρAEB , and (ρEAEB )TEA = ρEAEB , which means that there is no entanglement between the subsystems
A and EA(B) nor between the reservoirs EA and EB , for any value of p and x in [0, 1]. Also, the coherences in ρAEA
and ρAEB are due only to the environment. Although no bipartite entanglement is obtained beyond that contained
in the two-qubit initial state, multipartite entanglement is always possible, as one can see by looking to Eq. (27). In
addition, by inspecting Eq.(27), the coherences of such state are due to the partitions AB, ABEA, ABEB , ABEAEB ,
EAEB , EA and EB :
Chs(ρABEAEB ) = 2x
2(1− x2)(1− p)2︸ ︷︷ ︸
AB
+ 4x2(1− x2)p(1− p)︸ ︷︷ ︸
ABEA & ABEB
+ 2x2(1− x2)p2︸ ︷︷ ︸
ABEAEB
+ 4(1− x2)2(1− p)2p2︸ ︷︷ ︸
EAEB
+ 4(1− x2)2(1− p)3p︸ ︷︷ ︸
EA & EB
+ 4(1− x2)2(1− p)p3︸ ︷︷ ︸
EA & EB
, (31)
9(a) Cchs(ρABEAEB ) as a function of p for
different values of x.
(b) Cnlhs(ρABEA ) + C
nl
hs(ρABEB ) +
Cnlhs(ρABEAEB ) as a function of p for
different values of x.
(c) Cnlhs(ρAB) as a function of p for different
values of x.
(d) Chs(ρEAEB ) as a function of p for
different values of x.
(e)
Sl(ρA) = Chs(ρABEAEB )− Chs(ρEAEB )
as a function of p for different values of x.
Figure 4: Entanglement entropy of A and multipartite quantum coherence of the different partitions of the system as a function
of p for the phase damping channel.
meanwhile the bipartite coherence of the bipartition EAEB is given by
Chs(ρEAEB ) = 4(1− x2)2(1− p)2p2︸ ︷︷ ︸
EAEB
+ 4(1− x2)2(1− p)3p︸ ︷︷ ︸
EA & EB
+ 4(1− x2)2(1− p)p3︸ ︷︷ ︸
EA & EB
. (32)
By subtracting the last two equations, it follows that
Chs(ρABEAEB )− Chs(ρEAEB ) = 2x2(1− x2)(1− p)2︸ ︷︷ ︸
AB
+ 4x2(1− x2)p(1− p)︸ ︷︷ ︸
ABEA & ABEB
+ 2x2(1− x2)p2︸ ︷︷ ︸
ABEAEB
(33)
= Sl(ρA). (34)
It’s worth mentioning that the bipartite quantum coherences Chs(ρEAEB ) are not related with entanglement in
this case. Besides, by defining the quantities Cnlhs(ρAB) := 2x
2(1 − x)2(1 − p)2, Cnlhs(ρABEA) = Cnlhs(ρABEB ) :=
2x2(1 − x2)p(1 − p), and Cnlhs(ρABEAEB ) = 2(1 − x2)2(1 − p)2p2, which is not necessarily equal to the correlated
quantum coherence, we can see, as in Figs. 4(b) and 4(c), that Cnlhs(ρAB) is complementary to C
nl
hs(ρABEA) +
Cnlhs(ρABEB ) + C
nl
hs(ρABEAEB ):
Cnlhs(ρAB) + C
nl
hs(ρABEA) + C
nl
hs(ρABEB ) + C
nl
hs(ρABEAEB ) = Sl(x), (35)
where Sl(x) is the linear entropy, which is a constant for each value of x. Therefore, we have
Phs(ρA) + Chs(ρABEAEB )− Chs(ρEAEB ) = 1/2. (36)
As always, for p = 0, Sl(ρA) = Cchs(ρAB), but, as the system evolves, Sl(ρA) 6= Cchs(ρAB), and the entan-
glement entropy is redistributed in the whole system and turned into general quantum correlations such that
Sl(ρA) = Chs(ρABEAEB )−Chs(ρEAEB ). In this particular case, we can’t ensure that Chs(ρABEAEB ) and Chs(ρEAEB )
are invariant under local unitary transformations, but, certainly, the combination Chs(ρABEAEB ) − Chs(ρEAEB ) is
invariant, once it’s equal to Sl(ρA).
D. Bit flip channel
The bit flip channel (BFC) is the most common error in classical information, where a bit can be flipped due to
random noise. This type of error can also take place for a quantum bit, where the computational base states can be
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left alone |j〉 → |j〉, j = 0, 1, with probability 1− p/2 or can be flipped, |j〉 → |k〉, j, k = 0, 1, j 6= k, with probability
p/2. The unitary map tha describes the BFC can be written as
U |j, 0〉k,Ek := δj,0(
√
1− p/2 |0, 0〉k,Ek +
√
p/2 |1, 1〉k,Ek) + δj,1(
√
1− p/2 |1, 0〉k,Ek +
√
p/2 |1, 1〉k,Ek), (37)
with j = 0, 1 and k = A,B. Now, if the initial state of the bipartite quantum system AB is given by |Φ+〉A,B =
1√
2
(|0, 0〉A,B + |1, 1〉A,B), the evolved joint state of the system plus environment is given by
|Φ〉A,B,EA,EB =
1√
2
(1− p/2)(|0, 0〉+ |1, 1〉) |0, 0〉+ 1√
2
√
(1− p/2)p/2(|0, 1〉+ |1, 0〉)(|1, 0〉+ |0, 1〉) (38)
+
1√
2
p/2(|0, 0〉+ |1, 1〉) |1, 1〉 , (39)
where we choose x = 1/
√
2 for convenience, since there’s more terms than for the previous channels, but the analysis
is similar. The evolved density operator of the partition AB is given by
ρAB =
1
4
1 + (1− p)
2 0 0 1 + (1− p)2
0 1− (1− p)2 1− (1− p)2 0
0 1− (1− p)2 1− (1− p)2 0
1 + (1− p)2 0 0 1 + (1− p)2
 , (40)
which implies that ρk = 12I2×2, where I2×2. Therefore, we can see that the diagonal elements of ρk are not affected
by the interaction with the environment, which implies that the predictability Phs(ρk), and the linear entropy Sl(ρk),
k = A,B are also not affected. However, Sl(ρA) > Cchs(ρAB), which implies that the entanglement of the two-qubit
initial state was redistributed in the whole system. Now, let us consider the state of the bipartitions AEA, AEB , and
EAEB :
ρAEA = ρAEB =
1
2

1− p/2 0 0 √(1− p/2)p/2
0 p/2
√
(1− p/2)p/2 0
0
√
(1− p/2)p/2 1− p/2 0√
(1− p/2)p/2 0 0 p/2
 , (41)
ρEAEB =
 (1− p/2)
2 0 0 (1− p/2)p/2
0 (1− p/2)p/2 (1− p/2)p/2 0
0 (1− p/2)p/2 (1− p/2)p/2 0
(1− p/2)p/2 0 0 p2/4
 . (42)
It follows directly that (ρAEA)TA = ρAEA , (ρAEB )TA = ρAEB , and (ρEAEB )TEA = ρEAEB , which means that there
is no entanglement between the subsystems A and EA(B) nor between the reservoirs EA and EB for all values of p.
From the reduced density matrices of all bipartitions, we can see that ρA, ρB , ρEA , ρEB are all incoherent quantum
states, what implies that the correlated quantum coherence and the bipartite quantum coherence are equal and given
by
Cchs(ρAB) =
1
4
(1 + (1− p)4), (43)
Cchs(ρAEA) = C
c
hs(ρAEB ) = (1− p/2)p/2, (44)
Cchs(ρEAEB ) = 4(1− p/2)2(p/2)2. (45)
It is worth pointing out that, in this case, the correlated coherences Cchs(ρAEA), C
c
hs(ρAEB ), and C
c
hs(ρEAEB ) are not
related to entanglement. Nevertheless, it’s straightforward showing that
Sl(ρA) = C
c
hs(ρAB) + C
c
hs(ρAEA) + C
c
hs(ρAEB )− Cchs(ρEAEB ). (46)
So, one can see that Cchs(ρAB) is complementary to C
c
hs(ρAEA)+C
c
hs(ρAEB )−Cchs(ρEAEB ), which also can be observed
in Fig. 5(a). In Fig. 5(b) we plotted the behavior of the different basis-independent relative entropy of correlated
coherence for comparison. For instance Ccre(ρAB) +Ccre(ρAEA) +Ccre(ρAEB )−Ccre(ρEAEB ) is constant, with Ccre(ρAB)
being complementary to Ccre(ρAEA) + Ccre(ρAEB ) − Ccre(ρEAEB ). It is worthwhile mentioning that for the phase flip
(PFC) and bit-phase flip (BPFC) channels, the main-related behavior is the same.
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(a) Sl(ρA) and the Hilbert-Schmidt correlated coherences as a
function of p.
(b) The relative entropy correlated coherences as a function of p.
Figure 5: Correlation measures as a function of p for the bit flip channel.
E. Phase flip channel
Since the analysis of the behavior of the entangled qubits under the phase flip channel (PFC) and under the bit-
phase flip channel are similar to that for the bit flip channel, in the following sub-sections we’ll study the behavior
of a single qubit in a pure state interacting with its environment. The PFC is a kind of error which only happens in
the quantum realm. Disregarding global phases, the state |0〉A is left unchanged with probability 1− p, whereas the
state |1〉A acquires a pi phase, i.e., |1〉A → eipi |1〉A with probability p, which leads to the following unitary map:
U |j, 0〉A,EA := δj,0(
√
1− p |0, 0〉A,EA +
√
p |0, 1〉A,EA) + δj,1(
√
1− p |1, 0〉A,EA −
√
p |1, 1〉A,EA). (47)
Now, if the initial state of the qubit is given by |ψ〉A = x |0〉A +
√
1− x2 |1〉A, then the global state of the qubit and
its environment will evolve to the following state
|ψ〉A,EA = x(
√
1− p |0, 0〉+√p |0, 1〉) +
√
1− x2(
√
1− p |1, 0〉 − √p |1, 1〉), (48)
which in general is an entangled state. Meanwhile, the reduced states of A and EA are given by
ρA = x
2 |0〉〈0|+ (1− x2) |1〉〈1|+
(
(1− 2p)x
√
1− x2 |0〉〈1|+ t.c.
)
, (49)
ρEA = (1− p) |0〉〈0|+ p |1〉〈1|+
(√
p(1− p)(2x2 − 1) |0〉〈1|+ t.c.
)
, (50)
where t.c. stands for the transpose conjugated. In general, it follows directly that ρA is no longer is a pure state.
Besides, it’s straightforward to see that the predictability is not affected by the coupling with the environment, since the
diagonal elements of ρA remain the same. On the other hand, the coherences of ρA are affected by a factor 1−2p, what
implies that part of the quantum coherence of ρA is turned into entanglement with the environment, since Sl(ρA) 6= 0
in general. If we denote Phs(ρA)p=0 + Chs(ρA)p=0 = 1/2 as the complementarity relation of the qubit A before the
coupling, then after the coupling we have the following complementarity relation: Phs(ρA) +Chs(ρA) +Sl(ρA) = 1/2.
Since the predictability remains the same, it follows directly that Chs(ρA)p=0 = Chs(ρA) + Sl(ρA). However, in this
case Sl(ρA) is not equal to the correlated coherence of AEA, even though they present the same dynamic behavior,
as one can see in Fig. 6. In addition, the measures of coherence and correlations of AEA are given by
Chs(ρAEA) = 2(1− p)p+ 2x2(1− x2)(1− 2p+ 2p2), (51)
Chs(ρA) = 2(1− 2p)2x2(1− x2), (52)
Chs(ρEA) = 2p(1− p)(2x2 − 1)2, (53)
Cchs(ρAEA) = Chs(ρAEA)− Chs(ρA)− Chs(ρEA), (54)
Sl(ρA) = 1− x4 − (1− x2)2 − 2(1− 2p)2x2(1− x2). (55)
From these equations, it follows directly that Cchs(ρAEA) =
3
2Sl(ρA). Therefore C
c
hs(ρAEA) is invariant under local
unitary operations. Beyond that, we observe in Fig. 6 that, as x → 1/√2 (i.e., as the initial state of the qubit A
approaches a maximal coherence state), the correlated quantum coherence, Cchs(ρAEA), and the entanglement entropy,
Sl(ρA), become more ’distinguishable’ from each other, which is expected since their maximum values are different.
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(a) Measures of coherence and correlations
as a function of p for x = 0.1.
(b) Measures of coherence and correlations
as a function of p for x = 0.2.
(c) Measures of coherence and correlations
as a function of p for x = 0.25.
(d) Measures of coherence and correlations
as a function of p for x = 0.5.
(e) Measures of coherence and correlations
as a function of p for x = 1/
√
2.
Figure 6: Measures of coherence and correlations as a function of p for the phase flip channel.
F. Bit-phase flip channel
The bit-phase flip channel (BPFC) represents noises that are a mixture of those described by phase and bit flip
channels. Thus, the unitary map that describes the interaction between the system and the environment can be
written as
U |j, 0〉A,EA := δj,0(
√
1− p |0, 0〉A,EA + i
√
p |1, 1〉A,EA) + δj,1(
√
1− p |1, 0〉A,EA +−i
√
p |0, 1〉A,EA). (56)
Then, if the initial state of the qubit is given by |ψ〉A = x |0〉A +
√
1− x2 |1〉A, the global state of the qubit and its
environment will evolve to the following state
|ψ〉A,EA = x(
√
1− p |0, 0〉+ i√p |1, 1〉) +
√
1− x2(
√
1− p |1, 0〉 − i√p |0, 1〉), (57)
which in general is an entangled state. Meanwhile, the reduced states of A and EA are given by
ρA = (x
2 − p(1− 2x2)) |0〉〈0|+ ((1− x2)− p(1− 2x2)) |1〉〈1|+
(
(1− 2p)x
√
1− x2 |0〉〈1|+ t.c.
)
(58)
ρEA = (1− p) |0〉〈0|+ p |1〉〈1| . (59)
In contrast to PFC, the BPFC affects the diagonal elements of ρA, what implies that in this case the predictability is
also affected by the interaction with the environment. Therefore, it is not possible to conclude that part of the initial
quantum coherence was turned into entanglement entropy. Meanwhile, ρEA is an incoherent state. Also, in this case,
Sl(ρA) is not equal to the correlated coherence of AEA, even though they present the same behavior, as we can see
in Fig. 7. The different aspects of the qubit A are given by
Chs(ρAEA) = 2x
2(1− x2) + 2(1− p)p(x4 + (1− x2)2), (60)
Chs(ρA) = 2(1− 2p)2x2(1− x2), (61)
Phs(ρA) = (x
2 + p(1− 2x2))2 + ((1− x2)− p(1− 2x2))2 − 1/2, (62)
Cchs(ρAEA) = Chs(ρAEA)− Chs(ρA), (63)
Sl(ρA) = 1/2− Phs(ρA)− Chs(ρA), (64)
from which it follows directly that Cchs(ρAEA) =
3
2Sl(ρA). In addition, for x → 1/
√
2, the functions Chs(ρAEA),
Cchs(ρAEA), and Sl(ρA) diverges from each other. Besides, it’s interesting to notice that, as the state evolves, Phs(ρA)
and Chs(ρA) decrease or increase together, although they reach different values.
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(a) Measures of the aspects of the qubit A
as a function of p for x = 0.1.
(b) Measures of coherence and correlations
as a function of p for x = 0.2.
(c) Measures of the aspects of the qubit A
as a function of p for x = 0.25.
(d) Measures of the aspects of the qubit A
as a function of p for x = 0.5.
(e) Measures of the aspects of the qubit A
as a function of p for x = 1/
√
2.
Figure 7: Measures of the aspects of the qubit A as a function of p for the bit-phase flip channel.
G. Depolarizing channel
The depolarizing channel (DC) describes the situation in which the interaction of the system with the surroundings
mixes its state with the maximally entropic one. We can describe it by saying that, with probability p the qubit
remains intact, while with probability 1− p the qubit state is turned to a completely mixed one. In contrast with the
most common way of defining the unitary map the describes the DC [42], we’ll define the unitary map as
U |ψ, 0〉A,EA =
√
1 + p
2
IA2×2 |ψ, 0〉A,EA +
√
1− p
2
σAy |ψ, 1〉A,EA , (65)
where IA2×2 is the identity matrix, σAy := −i |0〉〈1|+ i |1〉〈0| is the one of the Pauli matrices, with both matrices acting
on the Hilbert state of the qubit A and the coefficients of |ψ〉A being real numbers. Hence, the reduced states of qubit
A and its environment is given by
ρA = p |ψ〉〈ψ|+ 1− p
2
I2×2, (66)
ρEA =
1 + p
2
|0〉〈0|+ 1− p
2
|1〉〈1| . (67)
Then, if the initial state of the qubit is given by |ψ〉A = x |0〉A +
√
1− x2 |1〉A, the different aspects of the qubit A,
after the coupling with the environment, are given by
Chs(ρA,EA) = (1 + p
2)x2(1− x2) + 1
2
(1− p2), (68)
Chs(ρA) = 2p
2x2(1− x2), (69)
Phs(ρA) = ((1− p)/2 + px2)2 + ((1 + p)/2 + p(1− x2))2 − 1/2, (70)
Cchs(ρA,EA) = Chs(ρA,B)− Chs(ρA), (71)
Sl(ρA) = 1/2− Phs(ρA)− Chs(ρA), (72)
which implies that Cchs(ρA,EA) =
3
2Sl(ρA). Once more, for x → 1/
√
2 the functions Cchs(ρAEA), C
c
hs(ρAEA), Sl(ρA)
diverge from one other, as shown in Fig. 8. Also, we can see that for p = 0 the quantum coherence is stored globally,
between the subsystem, since Chs(ρAEA) = Cchs(ρAEA) and Chs(ρA) = Chs(ρEA) = 0. However, for earlier times
(p → 1), the quantum coherence is local, since Chs(ρAEA) → Chs(ρA) and Cchs(ρAEA), Sl(ρA) → 0. Even more
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(a) Measures of the aspects of the qubit A
as a function of p for x = 0.1.
(b) Measures of the aspects of the qubit A
as a function of p for x = 0.2.
(c) Measures of the aspects of the qubit A
as a function of p for x = 0.25.
(d) Measures of the aspects of the qubit A
as a function of p for x = 0.5.
(e) Measures of the aspects of the qubit A
as a function of p for x = 1/
√
2.
Figure 8: Measures of the aspects of the qubit A as a function of p for the depolarizing channel.
interesting, both the predictability and the quantum coherence increases as p → 1, except for the state given by
x = 1/
√
2.
III. CONCLUSIONS
Quantum channels are tools capable of providing a description for a wide range of physical situations. In this article,
we used these tools to present a detailed study of complete complementarity relations of one and two qubits, belonging
to a pure quantum system, under the interaction with environments modeled by some important quantum channels.
In addition, by always starting with an entangled bipartite pure quantum state, with the linear entropy being the
quantifier of the entanglement, we studied the dynamical flow of the linear entropy and how the entanglement entropy
is redistributed and turned into correlations among the degrees of freedom of the whole system. Our investigation pro-
vided important insights about how these different kinds of system-environment interactions can affect the correlation
(and complementarity) properties of bipartite quantum systems and of the environment, and about how they exchange
these correlations. As we saw, it is always possible to express the entanglement entropy in terms of the multipartite
quantum coherence, or in terms of the correlated quantum coherence, of the different partitions of the system, that in
some cases quantifies entanglement but in others doesn’t. For instance, the entanglement entropy was redistributed
among the whole system for the amplitude damping channel such that Sl(ρA) = Cchs(ρAB)+C
c
hs(ρAEA)+C
c
hs(ρAEB ),
with Cchs(ρAB), C
c
hs(ρAEA) being directly related to the concurrence measure of entanglement, while C
c
hs(ρAEB ) is not.
On the other hand, for phase damping channel, the entanglement entropy is redistributed among the whole system
and turned to general quantum correlations such that Sl(ρA) = Chs(ρABEAEB ) − Chs(ρEAEB ), since the bipartition
EAEB is not entangled, and Chs(ρABEAEB ) is measuring the total coherence of the different partitions of the entire
system. In addition, for one qubit state under phase flip, bit-phase flip, and depolarizing channels, we showed that
correlated quantum coherence and the entanglement entropy are directly related to each other, even though as the
initial state of the qubit approaches a maximal coherence state, the correlated quantum coherence and the entangle-
ment entropy becomes more ‘distinguishable’ from each other. Besides, we showed that it is possible to consider the
environment as part of the quantum system such that the whole system can be taken as a multipartite pure quantum
system, which allowed us to considered linear entropy not just as a measure of mixedness of a particular subsystem,
but as a correlation measure of the subsystem with rest of the system.
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